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1 Introduction 



Superpotentials in the low energy limit can be early calculated by the method of 
mirror symmetry. In the low energy limit, superpotential encodes quantum correction 
to classical superpotential in IIA string theory. When Calabi-Yau manifold warped by 
several branes, there is a bit of complication to calculate open instanton correction. 
The calculation of superpotential have been well studied by the method of localization 
and mirror symmetry. Mirror symmetry as an effective method gives an equivalent 
between A model and B model and the later has the property of no quantum correction 
and can be calculated from geometry. Such that the equivalent relation, mirror map 
between A model moduli parameters and B model moduli parameters, is crucial. On 
the B model side, superpotential as a special solution of the differential system which 
derived form Picard-Fuch equations. In the more general situation that D-branes warp 
on the CY manifold and mirror to a divisor insecting on base CY manifold. Such 
that the natural mathematical interpretation of the B model is relative homology. 
This system equivalent to relative cohomology. For homological reason and relations 
between differential forms this system turns out to be a mixed Hodge structure. Which 
completely describe the differential system of superpotential. An useful method deals 
with the differential system is generalized GKZ system. Differential operators which 
annihilate the solutions of differential system are determined by the charge vectors as 
well as other operators got by cohomology's equivalent relation up to an exact form in 
type III case. In our paper we calculated two simple examples and didn't touch the 
complicated case for its no apparent relation to interpret direct integrality method. 

The open superpotential encode the Ooguri-Vafa invariants which is the integral 
coefficients of power series of superpotential. The previous paper used the matrix 
factorization method to calculate the open string instanton number. On-shell super- 
potential was calculated as a special sector of off-shell superpotential. Previous paper 
got the on-shell superpotential as the substraction of off-shell superpotential of two 
holomorphic cycle which within the insertion of CY manifold and divisor. The sub- 
straction being the domain wall tension between these two cycles. After choosing the 
open moduli parameter describing the position of cycle within the complete insertion 
to be critical value the on-shell superpotential got. We just calculate the off-shell 
superpotential from integrating the special solutions of subsystem being the on-shell 
superpotential. On another words, the on-shell superpotential is obvious got by set 
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the open moduli parameters to be critical values. The selection of mori cone which 
spanned by the charge vectors is quite crucial at different limit for the integral property 
of Ooguri-Vafa invariant. In our example we choose the same additional charge vector 
in [20] which's exist due to the divisor. The result is ont integral because of unap- 
propriate chosen of additional charge vector. After a maximal triangulation the result 
is again integral, but the on-shell superpotential is not easy to got in this method. 
We prefer the former unintegral form superpotential. The appropriate superpotential 
enjoy both advantages of former and later form is leave to our next paper [29]. 

In section two we state the mathematical structure of off-shell superpotnetial and 
the extracting of instantons numbers form superpotnetial. In section three we illustrate 
the generalized GKZ system and correspondence Toric geometry and construction of 
CY hupersurface. In section four we calculate two examples and extract their open 
instantons numbers. In preparing the first three section we are inspired by [9-11]. 

2 Generalized GKZ system, off-shell superpotential and Ooguri- 
Vafa invariants 

2.1 Mathematical structure of off-shell superpoential and Ooguri-Vafa in- 
variants 

Type IIA and IIB string theory are N = 2 supersymmetric theories. Mirror 
symmetry as a T-duality reveal the equivalence of the two theories. When D6-brane 
warps the special Lagrangian submanifold within CY manifold [1,2], the A brane within 
the submanifold is defined by 

J2l?\Xt\ 2 = Ca, J>^ = 0, X>6 = 

i i i 

where a, b = h l > l {X) + 1, h l ^(X) + 2, h x '\X) + N. N being the number of addi- 
tional point in enhanced polyhedron. The later two equations are the condition of CY 
manifold. c a parameterize brane's position. 

The mirror B brane defined by the holomorphic divisor is D5-brane, the definition 
of which encode the additional charge vector. 

l[y?-z a = 0, z a = e a e- c * (2.2) 

i 

a = h 2 >\X*) + 1, h 2 '\X*) + 2, h 2 >\X*) + N. 
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Our interest is the non-perturbative effect of superpotential being instantion correc- 
tion to the classical superpotential which's classical part can be calculated from string 
theory. While its instantion correction can be calculated by topological string theory 
due to topological effective of inner space. For the D6-brane situation the correct ac- 
tion, Chern-Simons action, describes the brane action being brane superpotential [26]. 

W A -brane= [ ^ 3 '° A Tr [A A 3 A + \a A A A A] 
Jx 

On the B model side, the brane superpotential being the following expression after a 
dimensional reduction because of D5-brane's warping a two cycle [13]. 

WB-brane. = / VL iAk (b % d z (t)ndzdz 



B-brane — J ^HjkV <Jz<i>j 

being the section of field base on two cycle C. 

The background RR flux also contribute to the total superpotential. 

W flux (z) = [ F^AQ 3 '°(z) 



Jx 

The two parts of B-model superpotential is classical, which can be calculated though 
geometry method. Although the natural mathematical structure of mirror manifold 
is the derive category, We will to state the complicated and beautiful interpretation 
in [29]. The relative cohomology is more simple but enough to calculate the super- 
potential. From the expression above, the brane superpotential can be expressed as 
the linear combination of two forms and flux contribution is the linear combination of 
three form. The parameters defining the deformations of cycles was encoded in the 
the brane superpotential, and the flux contribution obviously only involve the moduli 
parameters of base manifold [16]. 

Wbraneiz) = [ fi 3 (^, z) = V N a U a (z, z) N a G Z la EH 3 (z, Z ) d la ^ 0. (2.3) 

W flux (z) = [ A n 3 '°(z) = y2N a U a (z) , N a e Z 7 «6 H\z). (2.4) 
W(z,z)= N a Il a (z,z), N a = (N a ,N a ) (2.5) 

y a eH3(X*,E) 

The classical geometry of B model with submanifold warped by D5-brane can be 
constructed within N — 1 special geometry. Mixed Hodge structure which are power- 
ful tools to calculate effective superpotential and derive Picard-Fuch equations in the 
language of relative cohomology of (X*,E) [3,5]. 
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The 2 cycle C in X* wrapped by brane carry brane charge. The physical string field 
is described by the fiber bundle based on the open-close moduli space M, such that its 
correspond object is cohomology of M. Since the relative cohomology form related to 
period integral, the fiber of M is H 3 (X*,E). Define Hodge filtration F p = ® q H q ' 3 ~ p . 
For any three form in the H 3 (X*, E), Q can be split into 3-form Q and colsed 2- form 
u , satisfy the equivalent relation 

fn=[n+f to, teh 3 (x\e,z) 

Jr Jr Jan 

Apparently, to is two form on submanifold E, such that if we split H p,q (X*,E) = 
H p,q (X*) © H p,q (E) there exist the following mixed Hodge structure 

F 3 n H 3 (X*) F 2 n H 3 (X*) — ^—^ F 1 n H 3 (X*) — ^ F° n H 3 (X*) 

^~~~\^£z^^ ^\9z^9i 

F 2 n H 3 (X\ E) F l n H 3 (X\ E) F° n if 3 (X*, fef— ^ 

Any differential form relating to others under the action of variation of moduli 
parameter. The second line is the subsystem of the complete insertion. We can also 
derive the Picard-Fuchs equations of the N = 1 special geometry from relations between 
these relative forms. The period integrals are the subset of solutions of these Picard- 
Fuch equations. 

F-theory and Type IIA string theory are related to each other by circle compactifi- 
cations from four to three [16,20]. Such that the relative periods of the brane compact- 
ification (X*, E) can be identified as the holomorphic (4, 0) form on the fourfold X* 
defined as the mirror moduli space of F-theory after compactficating the non-compact 
base C of X* as P 1 and E being the fiber of X* based on C. At large base limit X 
in A model can be mirror to the moduli space X* the F-theory compactificated on. 
The open-close mirror symmetry was turn to close mirror symmetry in fourfold com- 
pactification of F-theory after these construction. The large volume limit correspond 
to weak coupling limit g s — > under mirror symmetry. The Gukov-Vafa-Witten su- 
perpotentials W of F-theory in A model can be view as g s corrected W in large radius 
limit. 

W GVW = W + 0(g s ) + 0(e- 1 ^) 

The method of our paper is to calculate the open-close superpotential W using the 
process of calculating Wgvw, since W equals to Wgvw in large complex limit. 
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From the superpotential in the B model we can got the A model superpotential 
after changing of parameters because of the equality of A/B superpotential under 
mirror map between respective moduli parameters. In A-model interpretation, the 
superpotential expressed in term of flat coordinates (t,t), which relates to complex 
structure parameters (z, z) in B-model through mirror map, is the generating function 
of the Ooguri-Vafa invariants [4] 

mm) = E o t ^<f* = E£™t^n^ (2-6) 

k ,nt k ,r?t d 

where q = e 2mt , q = e 2nlt and n-g ^ are Ooguri-Vafa invariants counting disc instan- 
tons in relative homology class (nt, k), where m represents the elements of Hi(D) 
and k represents an element of H 2 (X). G-g are open Gromov-Witten invariants. 
From string world-sheet viewpoint, these terms in the superpotential represents the 
contribution from instantons of sphere and disk. 

2.2 Generalized GKZ system, submanifold and type II/F off-shell super- 
potentials 

The equal footing of CY geometry and brane geometry in GLSM make toric geometry 
be possible to describe A/B model with brane by standard toric method. The mirror 
pair (X, X*) being a pair of hupersurface in two different toric ambient space W and 
W*, W = Ps(A), W* = Ps(A*), (A, A*) being reflexive polyhedron pairs, which 
defined as the convex of hull of p integral vertices, including integral points except 
vertices being on the surfaces and edges of polyhedron. Ps(A) is the toric variety 
defined by A. The zero locus of Ps(A) is the CY three fold X we consider, such that 
polyhedrons A* are defined in four dimensions and can be viewed as embodying in a 
hupersurface H in five dimensions [22,23]. 

p integral point u* of A* correspond to p homogeneous coordinates Xj on W and 
satisfy h 1,l {X) linear relations Yli^i^i = 0- Vector / a reprent the U(l) charge of GLSM 
on X, the torus transformation of coordinates is 

Xi^X l Ixi, A a eC*, a=l,...,h 1 '\X) (2.7) 

For a weight projective space Xd(l, 002, 003, 004, 005), the vertices of A are the following 

vx = (1, 1, 1, 1), V2 = (1 - d/uj 2 , 1, 1, 1, 1), v z = (1, 1 - d/u 3 , 1, 1), 

1/4 = (1, 1, 1 - d/u 4 , 1), i^ = (l,l,l,l-d/w B ), d = E w i + 1 - 
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The integral points in dual A* include both vertices and other integral points on face 
or edge of A*, the vertices of A* are 

v* = (uj 2 ,uj 3 ,uj 4 ,uj 5 ), u* = (-1,0,0,0), v\ = (0,-1,0,0), ^ 
v\ = (0, 0, -1, 0), u* = (0, 0, 0, -1), v* = (0, 0, 0, 0). 

Other integral points on the A* are early got from the liner combination of these five 
vertices. 

The map between integral points and monomials is 

4 

P=£a i JP* X^ = l[xl : - k , ^ = Ki,^ 2 ,^4) (2-10) 

u*eA* k=l 

v* being the vertices and some other integral points on A*, Oj being complex param- 
eters. In principle all integral points on the face and edge of A* should contribute to 
the expression of hupersurface P, but the deformation of polynomials determined by 
some integral points are not indepent to each others. After reduction by chance e^, 
only part of integral points on the face and edge are selected to determine P, and the 
number or deformation point is equal to the number of Kailer moduli of X. Since our 
analysis is in the weight projective space, we apply the homogeneous coordinates Xj 
defined on weighted projective space, (2.10) can be rewritten as 

p =x>n<^ ?>+1 (2- n ) 

i=o Vj e A 

The zero locus of P is the CY hupersurface of the close string interal spacetime. 
Since our CY surface with one brane, we should extend analysis to relative cohomology. 
The (A, A*) should be extended to (A, A ), added one vertices outside the hupersurface 
H the A located at. The additional one vertices correspondence to one additional a*, 
which correspondence to the open moduli parameter. 

In fact, the two-cycles wrapped by branes are only holomorphic cycles with respect 
to the variation of complex structure of CY mirror manifold, but the requirement 
condition is that the moduli parameters must be located at the critical points of su- 
perpotentials. For off-shell superpotentail this requirement guaranteed only at special 
values of open moduli parameters. However according to statement of [9-11], the non- 
holomorphic two-cycles can be replaced by holomorphic divisor of ambient CY space 
with the divisor D encompassing the two-cycles. 
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The open sector for D-brane being described by a family of hupersurface as (2.10) 
which is compatible with the definition of B-brane in section one. 

p+p'-i 

Q(D) = ( 2 - 12 ) 

i=p 

The divisor can be got from integral points on the A*. The above definition of divisor is 
the same as hupersurface P and we usually choose the vertices points as the definition 
of divisor. Q(D) can also be written in homogeneous coordinates the same like (2.11). 
The CY surface with brane is the submanifold being the complete insertion of divisor 
Q{D) and base manifold P = 0. 

Pd = P\ Q (D) (2.13) 

If which define mori cone extended to If, satisfy 

p-i p+p'-i p+p'+i 

^Tz[ = o, Yl i = ' E^ = ( 2 - 14 ) 

i=0 i=p i=0 

p' is the number of additional vertices. The dimension of z/j extended from four to five. 
In the case of adding just a few points, the usually construction of extended vertices 
is ggyhghy 

f (z£,0) % = 0,1, 1 
(v*, 1) i = p, ...,p + p - 1 

A* live in five dimensions describe the four fold in toric geometry. Since II/F- 
theory compactificated on CY fourfold X%, which can be associated to A*. That is 
the nontrivial idea to get the II/F theory superpotential from extended GKZ system 
of relative cohomology of open-close B model at tree level. 

On the side of B model, the fundamental period is the integral of homogenous three 
form Q, which are chosen as [13] 

^/^ll^ r>eH 9 {X*,E,Z) (2.16) 

A differential system can be constructed makes these period integral be the solutions 
of a series of differential operators. The differential operator describes the symmetry 
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of these periods. Fortunately, these symmetry encoded by [ a . Due to the insertion 
of a divisor D on X, the description of symmetries of complete insertion is modified 
by adding more charge vector [ a . We need to add one additional [ a when one brane 
situation. Hence we need not use the complicated form (2.16) to calculation, just need 
to return to the typical form 

n « = Lw)tl^ r« eff3 (x*, B ,z) (2.17) 

Differential operators of the above fundamental periods are 

W) = 11^-11^)* 

l c l>0 lf<0 

p-i p-i (2-18) 

i=0 i=0 

The charge l a in the above equations is Z a for simplification. Where $j = a>id ai . The 
above operators annihilate periods: C(l a )U = and Z^R = 0. Z describes the gauge 
transformation (2.7), which is torus action. Such that there exist an equivalent re- 
lation: n(eij) ~ n(^). After comparing with (2.11) and defining the torus invariant 
algebraic coordinates z a = (— ) l ° Yl i a? , a = l,2...h 2,1 (X*), i?$ can be written as lin- 
ear combination of d Za by partial derivation, #j = Ylatf- Then operators C(l a ) was 
rewritten as 

i i a —i —i a — if— l 

An^ii^-^nnK+^-H^ii^-^n n^*-*)- (2.19) 

k=l lf>0 k=0 k=l lf<0 k=0 

If the charge vector l a are appropriately chosen by linear combination of l a , the 
generating function of solutions of GKZ system is 

f>. ( 7 ■ n \ - ST T ( 1 -Y J glo( n a + Pa)) TT „n a +p a /o ^ 

, ( ° ,P ° ) " ^^n^rd + EJfK + pJ) 1 / ° ' ( °' 

ni,...,njvS&o 

Which is also the same expression for generalized GKZ system. The restriction of 
GKZ system of P = to the submanifold Pp is the subsystem which's integration 
being off-shell superpotential. 

In this paper we choose two vertices of A* to define Q(D), then the open mod- 
uli parameters is one in projective space. The expression of it in the homogeneous 
coordinates is 

Q(D) = Xi 1 + zx b 2 2 (2.21) 
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where b\, b 2 are appropriate integers which is same as their correspondence Xi terms 
in P. The relative 3-form f2 := 0) and the relative periods satisfy a set of 

differential equations [20] 

C a {9, 6)0. = du {2 ' 0) => C a {9, 9)T{z, z) = 0. (2.22) 

with some corresponding two-form ur- 2 ^ which's exist due to equivalent relation of 
relative cohomology. The domain wall tension T(z, z) is the substraction of two off- 
shell superpoential vanishing on two different cycle respectively. In our paper the two 
cycles are chosen to be involution with a Z 2 symmetry, such that the expression of two 
off-shell superpotentials got by direct integrality are equal to each other if we don't 
care the sign of z. The differential operators C a (9,9) can be expressed as 

Ca(0, 9) := £f - C?§ => CfT{z, z) = C^T(z, z) (2.23) 

for C b J k acting only on bulk part from closed sector, the first line of mixed Hodge 
structure, which is the same when the mirror CY manifold without brane. C^f y act on 
boundary part from open-closed sector, the second line of mixed Hodge structure, and 
9 = zdz- The explicit form of these operators will be given in following model. From 
the (2.22) one can obtain 

27ri9T(z,z) =7i(z,z) (2.24) 

ir(z, z) is the period of two forms of the submanifold. The critical locus for calculating 
the on-shell superpotential is the area on which this two form period equals zeros. 
The special solution of subsystem is [20] 

7t(mi, u 2 , ...) = 5-Bf(ui, u 2 , pi, p 2 , •••) (2.25) 

in which ij being the charge vectors of subsystem and being the index of differential 
subsystem. / can be derived from the algebraic expression of complete intersection 
by (2.13). The critical locus off-shell superpotentials are independent to open moduli 
parameters. From (2.22) and (2.23) one can obtain differential equation with the 
inhomogeneous term f a (z) at the critical points 

C b a T(z) = f a {z) (2.26) 

and 

27rif a (z) = C^ft^Z, Z) |i=critical points (2.27) 
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2.3 The calculation of mirror map 

For calculation of instanton corrections, one need to know mirror map. The closed- 
string periods are [22] 

I u (z,p)\ p=0 \ 

A a)w oO,p)l P =o 
£>fW^p)lp=o 

\ D^u (z,p)\ p=0 J 



U(z) 



(2.28) 



where % 



h 2 i(X*), 

Wq 



^c{ni + Pi )z ni+pi z = 1,2,3. 
r(El =1 l k (n k + p k ) + l) 



c(rii + p. 



and 



D 



(i) .. 



d Pi , D) 



(2) 



TlUml =1 l*(n k + p k ) + l) 



— Kij k dpjOp k , ^ '. — ~Kn k d n . d nA d, 
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(2.29) 



(2.30) 



(2.31) 



Kij k is intersection number of X. 

The flat coordinates in A-model at large radius regime are related to the flat co- 
ordinates of B-model at large complex structure regime by mirror map U = Ui := 
loq(z, p)|p = o- When CY manifold with brane the open mirror map is similar as 
above and the only difference is the adding of charge vector of divisor. When the 
charge vectors are mixed, the close mirror maps will turn out to be the combination of 
correspondence Ui for keeping the unmixing of Z{ [21]. 



3 Open Ooguri-Vafa invariants of several examples 

3.1 Hypersurface X 12 (l, 2, 2, 3, 4) 

The GKZ system of Xi 4 (l, 3, 3, 3, 5) have been calculated in [20]. We cite the charge 
vectors 
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4 


5 


6 


7 


8 


I 1 


-6 


-1 


1 


1 





2 


3 








I 2 





1 








1 





-2 








/ 3 








1 


-1 











-1 


1 



(3.1) 
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The charge vector / 3 is determined by the divisor we chosen. The charge vectors of 
subsystem are 








1 2 


3 


4 


5 


I 1 


-6 


-1 2 





2 


3 


I 2 





1 


1 





-2 



(3.2) 



The off-shell superpotential being the integration of special periods of subsystem 



[20] 



11 Z\ 

ir(ui,u 2 ) = --B^tt!,^; -,0), u x = (1 - z 3 ) 2 , u 2 = z 2 

Z z z 3 



(3.3) 



in which z 3 is the open moduli parameter in divisor. 



z 2 ,z 3 ) = — J 7r(Mi, 



E 

ni,ri2>0 

l(- 2 F 1 (-l-2n 1 ,~ 
4i+^0Fr(i - ni )zl +ni z^ 



u 2 



d^fzi 



r(4 + 6m)f 



r(2 + 2n 1 ) 2 r(l + n 2 )r(l/2 - m + n 2 )r(5/2 + 3rn - 2n 2 ) 

m, - - m, 2 3 + i)4 2 (-) ni+ i(^^^ +ni - 



(3.4) 



^3 + 1' 



r(-m) 

The inverse mirror maps in terms of g; = e 2mti got from the method of last section 



are 



Zl = qi + 60qf - 1530^ - 1530?? + 3gig 2 - 2232g 2 g 2 + 3q iq 2 2 - qi q 3 

- 90g 2 g 3 - 3gig 2 g 3 + ... 
z 2 = q 2 - 60gig 2 + 5130g 2 g 2 - 2ql - 300gig 2 + 3q\ + 30qiq 2 q 3 + ... 
z 3 = <?3 + q\ ~ 90gig 2 g 2 - UOq^ql + ... 

Using the modified multi-cover formula for this case 



wq {2m) 2 



E 



n d 1 ,d 2 ,d3 



kdi/2 kd 2 kd 3 
Ql 12 % 



k, ^1,2,3 odd>0 



(3.5) 



(3.6) 



the superpotentials W give Ooguri-Vafa invariants n^^As f° r the normalization con- 
stants c = 1. Some result are listed in the table 1. We don't list the result of d 3 = 0, 
being the chose instanton numbers, for its equal to the on-shell result in [20]. 
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4 = 1 



A \ A 


U 


l 

1 


o 
I 


o 
O 


4 


1 


—8 


—24 


n 


n 


n 


3 


2656 
3 


9648 


-116064 


-52112 





5 


— 777608 
5 


1057912 


12665072 


-451067392 


—713479128 


7 


236871872 
7 


-1192932144 
5 


8818538496 
5 


33198114384 - 


-2080499160192 


9 


— 519563127296 
63 


3204825296040 
49 


—117752914909008 
245 


173218640866272 
35 


— 597187778407632 
5 


A O 

a 3 — z 












A \ A 


U 


1 


1 


o 
o 


4 


1 


o 


o 


o 


o 


o 


3 


-664 
3 


2112 


27816 


12128 





5 


727056 
5 


-1703968 


26472368 


546373488 


843670752 


7 


-372224472 
7 


561417120 


-4924251912 


103752174400 


4115818961304 


9 


162953910032 
9 


-19874302348 


q 8198797933776 


-88997168551728 
5 


2589936048140976 
5 



d 3 = 3 












d{\d 2 





1 


2 


3 


4 


1 

















3 


-512 
9 


1176 


9312 


14680 
3 





5 


-131376 
5 


444112 


-6903632 


118575312 


-177301248 


7 


222220336 
7 


-447008520 


4642741392 


-96786651368 


-2998245394560 


9 


-493088587712 
9 


256376134464 


-2410157075664 


27146117195600 


794487818407152 



Table 1: Ooguri-Vafa invariants n^^^ f° r the off-shell superpotential W on the 3-fold 

Pi, 2,2,3,4 [12] 

It is unfortunate that this chosen of charge vectors is inappropriate, because once 
all nonzero integral number in any column of these three / have same sign the fractional 
result is unavoidable. One can remedy the result by making a maximal triangulation 
of / to make the open instanton numbers we calculated to be integral. Since our target 
is to use the direct integrality method to get the off-shell superpotential and once we 
made such a triangulation the on-shell superpotential will become incorrect in large 
complex limit, such that we proper to choose these charge vectors. The expression of 
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off-shell superpotential sames complicated, and changing the charge vector will remedy 
this fault. To find a good expression of off-shell superpotential and from which after 
reduction we can get on-shell superpotential and its corresponding open and close 
integral topological invariants is leave to [29] . The above off-shell superpotential can 
not guarantee the integral of instanton numbers, but up to an total constant number 
we can choose the special value of open moduli parameters, equals one in our example, 
to got the close instanton numbers which is integral. 



3.2 Hypersurface X M (1, 2, 2, 2, 7) 

The charge vectors of X 14 (l, 2, 2, 2, 7) are 
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7 


8 


z 1 


-7 


-3 


1 


1 


1 





7 








I 2 





1 











1 


-2 








I 3 








1 


-1 











-1 


1 



(3.7) 



The charge vector Z 3 is determined by the divisor we chosen. The charge vectors of 
subsystem are 
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2 


3 


4 


5 


I 1 


-7 


-3 


1 


2 





7 


I 2 





1 








1 


-2 



(3.8) 



Special period of subsystem is 



11 Z\ 

7r(wi,it 2 ) = -Bf(ui,M 2 ; ~,0), ui = — -(l-z 3 ) 2 , u 2 = z 2 
ll z 3 



(3.9) 



in which z 3 is the open moduli parameter in divisor. The off-shell superpotenatial as 
the integration of special period of subsystem 



W{z 1 ,z 2 ,z 3 ) = — 
2m 



7t(mi,M 2 



d^fzi 



r(§ + 7ni)| 



ni,ri2>0 v 2 
1 

l + 2m 

hniTV 1 



r(| + m)r(2 + 2n 2 )r(| + 7m - 2n 2 )r(l + n 2 )T{-\ - 3m + n 2 ) 



^l( 



2m, -- -n 1 ,-- m, z 3 + i)zr(-) ni+ ^— 



(3.10) 



-m 



Z3 + 1' 



+ 



i+ni 



"2 
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The inverse mirror maps in terms of qi = e 2mti ( Zl,Z2,z ^ are 

z x = q\ + 6<?i + 9qf + lq x q 2 - 56<^g 2 + 21gig 2 2 - q t q 3 - 9qfq 3 - lq x q 2 q 3 + ••• 

z 2 = q 2 ~ 2gig 2 + 5qfq 2 - 2qj + 36gig 2 + 3gf + qiq 2 q 3 + ... (3.11) 

?3 = <?s + gf - 210gig 2 3 g 3 2 + gf + + q 5 3 + ... 

Some open Ooguri-Vafa invariants are listed in table 2. 



d 3 = l 



d{\d 2 





1 


2 


3 


4 


1 

3 

5 


i 

2 
-17 

6 
113 

5 


-7 
-574 


-35 
2 

-777 
2 

12999 
2 




-6209 
3 

-43883 




-55167 
2 

461335 
2 


7 
9 


—8548 

35 
960448 

315 


41566 

5 

-651881 
5 


—1297793 
10 

26028593 
10 


1 8593974 
15 

—3397403831 
105 


254937907 
30 

60181826993 
210 


4 = 2 












d{\d 2 





1 


2 


3 


4 


1 

















3 
5 
7 
9 


17 

24 
-1053 

40 
25671 

56 

-2830931 
360 


-49 
4 

686 

-63175 
4 

6785373 
20 


777 

8 

67473 
8 

508641 
2 

-6908076 


-1421 
3 

391097 
6 

-10183299 
4 

2653125727 
30 


50617 

8 

-4729529 
12 

220870531 
12 

-97462036973 
120 


4 = 3 












d{\d 2 





1 


2 


3 


4 


1 

















3 
5 
7 
9 


35 
144 
213 
40 
-8929 

28 
3955121 
432 


-35 
8 

-567 
4 

11137 

-3189501 
8 


665 
16 
14833 
8 

-2966523 
16 

132502125 
16 


-9415 
36 
-378539 

24 
3901989 
2 

-3929352707 
36 


45605 
16 
2491237 
24 

-239497041 
16 

4153932475 
4 



Table 2: Ooguri-Vafa invariants nd, lt d 2 ,d 3 for the off-shell superpotential W on the 3-fold 

Pl,2,2,2,7[14] 
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3.3 Hypersurface X 18 (l, 1, 1, 6, 9) 

The charge vectors of Xi$(l, 1, 1, 6, 9) are 








1 


2 


3 


4 


5 


6 


7 


8 


I 1 


-6 











2 


3 


1 








I 2 





1 


1 


1 








-3 








I 3 





1 


-1 














-1 


1 



(3.12) 



The charge vector Z 3 is determined by the divisor we chosen. The charge vectors of 
subsystem are 








1 


2 


3 


4 


5 


I 1 


-6 








2 


3 


1 


I 2 





1 


2 








-3 



(3.13) 



Special period of subsystem is 

1 



7r(wi,« 2 ) = -Bi(ui,u 2 ;0, -), U! = Zi, u 2 



Z2 
Z 3 



(1 - zsf 



(3.14) 



in which z 3 is the open moduli parameter in divisor. The off-shell superpotenatial as 
the integration of special period of subsystem 

dJzi 



1 fV Z3 

W(z 1 ,z 2 ,z 3 ) = — J 7t(mi,u 2 ) 

= £ 



z 3 

r(i + 6n0f 



1 

l + 2n 2 



r(l + 2m)r(l + 3nx)r(-| +m- 3n 2 )r(| + n 2 )r(2 + 2n 2 ) 



^i( 



2n 



1 



2- 



- - n 2 , - - n 2l z 3 + l)z^(- 



\n 2 +i 



Z 2 



(3.15) 



^3 + 1' 



+ 



4l+ ni v^r(i - n 2 )z 



"2 



r(-n 2 ) 

The inverse mirror maps in terms of qi = e 2mt i(zi,z2,z 3 ) are 

z 1 = q l - 312g 2 + 87084g 3 - 2 qi q 2 + \788q\q 2 + 5q x q 2 + q x q 2 q 3 
z 2 = q 2 - 180 qi q 2 + 20790g 2 g 2 + 9g 2 3 - q 2 q 3 + I80 qi q 2 q 3 + ... 
z 3 = q 3 + ql + <?3 + 4 + £ - 6126120g 3 g 2 g 3 2 ... 
Some open instanton numbers are listed in table 3. 



(3.16) 



16 



d 2 \di 





1 


2 


3 


4 


1 


i 

2 


135 


35235 
2 


564555 


9812556 


3 


17 

6 


-945 


319545 
2 


-29151855 


65914264485 
2 


5 


-113 
5 


11070 


4851495 
2 


0/11 oooi 1 r 

341382115 


174105836235 
2 


7 
9 


8548 
35 
960448 
315 


— 1603z6 

17600787 
7 


96752637 
2 

1 3589269803 
14 


4572171963 
5 

1654946034516 

1 '7 ' ) i -7 i V7 W <7 ^ V 1 V.' 

7 


3619051217541 
2 

686548806079149 

'7 U ' V ' 7 1 17 (J V "7 V ' f - 7 1 i -7 

14 


7 

a 3 — z 












d 2 \di 





1 


2 


3 


4 


1 


o 


o 


o 


o 


o 


3 

5 


-17 

24 
1053 

40 


945 
4 

— 13230 


319545 
8 

27010665 

8 


24046755 
4 

—604609030 


64535887485 
8 

573479123985 
4 


1-7 

I 

9 


25671 
56 
2830931 

U '.7 V7 -7 '7 1 

360 


1218375 
4 

26172153 
4 


194476545 
2 

2613075471 


40090855671 
2 

2684085142773 
4 


16154915828679 
4 

1 1 571 87494566647 
8 


d 3 = 3 












d{\d 2 





1 


2 


3 


4 


1 

















3 
5 
7 
9 


35 

144 

213 

40 
8929 

28 
3955121 

432 


675 

8 

10935 
4 

-214785 

61511805 

8 


319545 

16 
6161265 
8 

1160612955 
16 

50772734685 
16 


29260785 
8 

649575985 
4 

130432131753 
8 

6854310497595 
8 


45405899325 
16 

147665561085 
4 

54973444140603 
16 

1538427241683783 
8 



Table 3: Open Ooguri-Vafa invariants n dltd2 ^ 3 for branes on P 11i1j6j9 [14] 



3.4 Hypersurface X 18 (l, 2, 3, 3, 9) 
The charge of Xi&(l, 2, 3, 3, 9) are 








1 


2 


3 


4 


5 


6 


7 


8 


9 


l l 


-6 


-1 





1 


1 


3 


2 











I 2 





1 














-2 


1 








I 3 








1 











1 


-2 








I 4 











1 


-1 











-1 


1 



(3.17) 
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The charge vector / 4 is determined by the divisor we chosen. The charge vectors of 
subsystem are 








1 


2 


3 


4 


5 


6 


I 1 


-6 


-1 





2 


3 


2 





I 2 





1 











-2 


1 


I 3 








1 








1 


-2 



(3.18) 



Special period of subsystem is 

11 Z\ 

■k{u u u 2 ,u 3 ) = -Bf(u 1 ,u 2 ,u 3 ;-, 0,0), u x = (1 - z 4 ) 2 , u 2 = z 2 , 2:3 = 2:3(3.19) 

z z 24 

in which 24 is the open moduli parameter in divisor. The off-shell superpotenatial as 
the integration of special period of subsystem 



W(2i, 2 2 ,2 3 ,2 4 ) 



ni,ri2,n 3 >0 
1 



1 

2tH 



n{ui,u 2 )- 



r(4 + 6m) 



2; 



r(2 + 2m)r(| + 3n 2 )r(± - m + n 2 )r(l + n 3 )T(2 + 2n x - 2n 2 + n 3 ) 



l + 2ni 



- 2^, -- - ni , - - m, 24 + i)4 2 4 3 (-) ni+l (^r: 
z 24 + 1 



(3.20) 



42+«i0Fr(|-ni)^| 



1 ^ ^^2 +nl ^'^2„^^3 



2 



) 



r(-nx) 

The inverse mirror maps in terms of qi = e 27 ™*^ 1 ' 22 ' 23 ' 24 ) g OIl from the method of 
last section are 



Zi = Qi + 60^ - 1530^ + 2gig 3 - 7Uqfq 2 + q x q\ + 2q x q 2 q 3 - q x q± - 90g 2 - 2q x q 2 q^ 
z 2 = q 2 - 60gig 2 + 5130g 2 g 2 - ^q 2 + ^Oqiql + 3q 2 + <?2<?3 - 60gig 2 <?3 - 3g^3 + ••• 
z 3 = q 3 + <?2<?3 - 300gig 2 g3 + 5130g 2 g 2 <?3 - 300^1^2^3 - 2g 2 ~ 3g 2 <? 2 + 1380gig 2 <?3 + •• 
24 = g 4 + q\ - ?>§q x q 2 q\ - ^q\q 2 q 3 q\ + <?f + 40gig 2 <?4 + ••• 

Some open instanton numbers are listed in table 4. 



(3. 
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/ 7 7 

{di,d 2 , 


7 7 \ 

d 3 , d 4 ) 


n d 1 ,d 2 ,d3,d 4 


/ 7 7 

[di,d 2 . 


7 7 \ 

d 3 , ot 4 ) 


n d 1 ,d 2 ,d3>d4 


(di,d 2 ,d 3 ,di) 




(1,0, 


0, 1) 


4 

~2 


(3,3. 


1, 1) 


-201 


(5, 


3. 


0,2) 


89352 


(3,0, 


0, 1) 


166 
~3~ 


(5,3. 


1, 1) 


2923869 


(3, 


1. 


1,2) 


44 


(5, 0, 


0, 1) 


97201 
10 


(3, 2. 


2, 1) 


-201 


(5, 


1. 


1,2) 


1 06498 
3 


(1, 1, 


0, 1) 


1 

~2 


(5, 2. 


2, 1) 


-12755 


(3, 


2. 


1,2) 


1101 
2 


(3, 1, 


0, 1) 


-201 


(3,3. 


2, 1) 


-201 


(5, 


2. 


1,2) 


1412477 
3 


(5, 1, 


0, 1) 


132239 
6 


(5, 3. 


2, 1) 


-2923869 


(3, 


3. 


1,2) 


44 


(3, 2, 


0, 1) 


-201 


(3,3. 


3, 1) 


166 


(5, 


3. 


1,2) 


3553224 


(5,2, 


0, 1) 


-12755 


(5,3. 


3, 1) 


-12755 


(3, 


2. 


2,2) 


44 


(3,3, 


0, 1) 


166 

IT 


(3,0. 


0,2) 


83 
IT 


(5, 


2. 


2,2) 


89352 


(5, 3, 


0, 1) 


12755 


(5, 0. 


0, 2) 


15 111 

5 


(3, 


3. 


2,2) 


44 


(1, 1, 


1, 1) 


1 

~2 


(3,1. 


0,2) 


44 


(5, 


3. 


2, 2) 


3553224 


[o, 1, 


i 11 


9D1 
— ZU1 


10, 1, 


U, ZJ 


106498 
3 


(3, 


3. 


3,2) 


83 
6 


(5,1, 


1,1) 


132239 
6 


(3,2. 


0,2) 


44 


(5, 


3. 


3,2) 


89352 


(3,2, 


1,1) 


-2277 


(5,2. 


0,2) 


89352 










(5,2, 


1,1) 


788582 
3 


(3,3. 


0,2) 


83 
6 











Table 4: Ooguri-Vafa invariants n dltd2 ^ da for branes on ^1,2,3,3,9 [14] 



4 Summary 

Although open instanton numbers calculated in our method is not integral, we 
believe it's right. The physical means of instanton numbers is the number of BPS 
states which must be integral, such that we should remedy the fault of our result to 
turn open instanton numbers to be integral. We thought the combination of charge 
vectors is right way, but it might intrigue another problem that the close instanton 
number can not direct got from superpotential. Find a beautiful expression to extract 
both the close and open instanton numbers is quite meaningful. 

The example of one open moduli parameters is quite special. The more general 
case is several open moduli parameters and several divisors and the base CY manifold 
can be complete insertion. Easy example is the case of several parallel divisors which 
correspond to several parallel branes. 

Furthermore, to obtain the D-brane superpotential from the ^loo-structure of the 
derived category and the path algebras of quiver is crucial. 
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